Abstract 



Let G be a locally compact group. A random closed subgroup with conjugation- 
invariant law is called an invariant random subgroup or IRS for short. We show that 
each nonabelian free group has a large "zoo" of IRS's. This contrasts with results of 
Stuck-Zimmer which show that there are no non-obvious IRS's of higher rank semisim- 
ple Lie groups with property (T). 
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Let G be a locally compact group. A random closed subgroup with conjugation-invariant 
law is called an invariant random subgroup or IRS for short. These objects arise naturally 
from the study of group actions. Indeed, suppose G acts on a space X. For x G X, let 
Stab(x) = {g G G : gx = x}. If fi is a G-invariant probability measure on X and x & X 
is chosen at random with law \x then Stab(a;) is an IRS. By [ AGV12[ Proposition 13] every 
IRS occurs from this type of construction. 

There has been a recent increase in studies of the action of G on its space of subgroups 
|AGV12l IVoT2l lABBGNRSlil IVeTTI ISaTTl IG7TT1 IVeTOl iBoTUl IBSUBI lD502l IGS991 ISZ94j . 
Perhaps the deepest result in the subject is the Stuck-Zimmer Theorem [SZ94] that there 
are no non-obvious IRS's of higher rank simple Lie groups. More precisely, every ergodic IRS 
is induced from a lattice subgroup. Another nice result in this area is a complete classification 

*email:lpbowen@math. tamu.edu 
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IRS's of the infinite symmetric group due to A. Vershik [Veil] . Our main goal is to show 
that, by contrast, there is a large zoo of IRS's of any finitely generated nonabelian free group 
G. 

There are three main results of this paper, (1) that the space of ergodic aperiodic IRS's 
of the free group is homeomorphic to Hilbert space, (2) that every ergodic aperiodic pmp 
equivalence relation of cost < r is represented by the action of F r on its space of subgroups, 
(3) that every symbolic action of F r can be encoded as a sub-action of F r on its space of 
subgroups. 

To be precise, we need to introduce some notation. Let S{G) denote the space of all 
closed subgroups of a locally compact group G with the topology of uniform convergence 
on compact sets. G acts on S(G) by g ■ H :— gHg^ 1 and M(G) denotes the space of all 
conjugation-invariant Borel probability measures on S(G). We always consider M{G) with 
the weak* topology. 

Problem 1. Describe M(G) up to afline isomorphism. 

Recall that convex closed metrizable subset K of a locally convex linear space is a simplex 
if each point in K is the barycenter of a unique probability measure supported on the subset 
d e K of extreme points of K. In this case, K is called a Poulsen simplex if d e K is dense in 
K. It is called a Bauer simplex if d e K is closed. 

For example, an old result states that the space of all shift-invariant Borel probability 
measures on {0, 1} Z is a Poulsen simplex (we will not need this fact). It is known from 
[LOS78J that there is a unique Poulsen simplex up to afline isomorphism. Moreover, its set 
of extreme points is homeomorphic to the Hilbert space I 2 . On the other hand, there are 
uncountably many non-isomorphic Bauer simplices. For example, let X be any compact 
metrizable space. Then the space P(X) of all Borel probability measures on X is a Bauer 
simplex with d e P(X) homeomorphic to X. 

Let M e (G) C M(G) denote the ergodic measures and Mfi(G) C M e (G) those measures 
which are supported on the conjugacy class of a single finite-index subgroup. If G is finitely 
generated, then each of its finite-index subgroups are finitely generated and because of this, 
each finite-index subgroup is isolated in the space of subgroups. This implies each element 
of Mfi{G) is isolated in M e (G). In particular, M e (G) cannot be connected if G has proper 
finite-index subgroups. 

Let M ie {G) := M e (G) \ M fi {G) and M^G) the closed convex hull of M ie (G). Our first 
main result is: 

Theorem 13.11 If G is a nonabelian free group, then Mi(G) is a Poulsen simplex. In 
particular, M ie (G) is a dense Gs subset of Mi(G) and M ie (G) is homeomorphic to the Hilbert 
space I 2 . 

Remark 1. In the course of proving this result, we show that the set of measures /i G Mi(G) 
such that Gr\(S(G), (a) is totally non-free is residual in Mj(G). The study of totally non-free 
actions was introduced by A. Vershik |Vel0j . 

Remark 2. In order to discuss the case of locally compact groups, let M C (G) C M e {G) be the 
set of measures which are supported on the conjugacy class of a single cocompact subgroup. 
Let M nce = M e (G) \ M C (G) and M nc (G) be the closed convex hull of M nce (G). Using the 
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ideas of the proof of Theorem 13. 1[ it can be shown that M nc (P S X 2 (M)) is also a Poulsen 
simplex. By constract, the main results of |GW97] imply that if G has property (T) then 
M nc (G) and M(G) are Bauer simplices. 

Remark 3. Grigorchuk's space of r -generated marked groups |Gr84j is (canonically isomorphic 
with) the space of normal subgroups of the free group of rank r with the topology of uniform 
convergence on compact subsets (also known as the Chabauty topology). It can be viewed 
as a subspace of M e (F r ) (where F r is the free group of rank r). Namely, for each normal 
subgroup N, let 5^ be the Dirac probability measure supported on {iV}. Then {5n '■ N < 
¥ r } C M e (¥ r ) is a copy of the space of r-generated marked groups. It is known that the 
space of marked groups contains interesting isolated points |CGP07j . In particular, there 
are infinite index normal subgroups which are isolated in the space of all normal subgroups. 
However, these points are not isolated in M e (F r ) because Mj e (F r ) is pathwise connected by 
Theorem 13.11 

To explain the next result, we need to recall some notions from the theory of measured 
equivalence relations. So let (X, /i) be a standard Borel probability space, E C X x X 
a discrete Borel equivalence relation such that /i is ^-invariant (i.e., if : X — > X is a 
Borel automorphism whose graph is contained in E then = yu). We refer to the triple 
(X, /i, E) as a discrete pmp equivalence relation. Two discrete measured equivalence relations 
(Xi,fii,Ei) (for i = 1,2) are isomorphic if there exist conull sets X- C Xi and a measure- 
space isomorphism : (X[, fii) — » (Jf^,/^) such that (x, y) G E\ (<fi(x) , <fi(y)) G E 2 . More 
precisely, we only require that <ft is defined on a set of full measure. 

Let Eq denote the orbit equivalence relation on S{G): E G := {(K, gKg~ l ) : K G 
S(G),g G G}. Our second main result is: 

Corollary 14.51 If G is a free group of rank r and (X, //, E) is an ergodic aperiodic discrete 
pmp equivalence relation with cost(E) < r then there exists an invariant measure A G M(G) 
such that (S(G), X, Eq) is isomorphic to (X,n,E). 

Remark 4. The authors of |IKT09] and I. Epstein proved that if G is any nonamenable 
group then it is impossible to classify up to countable structures the free mixing probability 
measure-preserving actions of G up to orbit-equivalence. Note that if G has a generating set 
with less than r generators then all of its orbit equivalence relations have cost < r. 

Remark 5. A well-known result of [FM77] states that any pmp equivalence relation (X, fi, E) 
can be realized as the orbit-equivalence relation for the action of a countable group G. In 
other words, given (X, fi, E) there is a countable group G and a measure-preserving action 
Grx(X, /i) such that (x, y) G E ^ 3g G G such that gx = y. The authors then asked 
whether there exists a group G and an essentially free action Grx(X, /i) generating E. The 
negative answer to this question was obtained by Furman |Fu99] . By contrast, Corollary 14.51 
implies that if cost(-E) < r then there is a totally non-free action of F r , the free group of 
rank r, generating the equivalence relation. 

Finally, we provide a general method of constructing invariant subspaces and measures 
on S^F,.) from symbolic actions of F r (where F r is the rank r free group): 
Theorem 15.11 Let ¥ r = (si, . . . , s r ) be the free group of rank r > 2, ¥' r < ¥ r be the (infinite- 
index) subgroup generated by (sf, S2, ■ ■ ■ , s r ), K be a finite set, ¥ r rxK ¥r be the usual action 
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gx(f) := x(g Let X C K ¥r be a closed invariant subspace. Then there exist subspaces 
Z C Y C S(¥ r ) such that 

1. Z is ¥' r -invariant, Y is ¥ r -invariant, 

2. there is a finite set L C F r (depending only on K) such that Y = U/eL 

3. the action ¥ r r^X is topologically conjugate to the conjugation- action ¥' r rxZ . More 
precisely, if <fi : ¥ r — > ¥' r is the isomorphism determined by <p(si) = sf, 4>(si) = Sj for 
2 < i < r then there is a homeomorphism : X — > Z such that ty(fx) = <p{f) ■ *&(x) 
for all x G X and f G ¥ r . 

4- If f] is an ¥ r -invariant Borel measure on X then there exists an ¥ r -invariant Borel 
measure X on Y such that = X\Z (in particular, X(Z) > 0). Moreover, if r] is 
finite then X is also finite. 

Acknowledgements. Thanks to Miklos Abert, Yair Glasner, Eli Glasner and Ana- 
toly Vershik for stimulating questions on this topic and to Rostislav Grigorchuk for helpful 
comments. Thanks to Benjy Weiss for pointing out errors in a previous version. 

2 Totally Non-Free Actions 

Let G be a locally compact group and Gr\(X, B, ji) a pmp (probability-measure-preserving) 
action. For any Borel set H C G, let Fix(H) = {x G X : hx = x V7i G H}. A probability 
measure preserving action Grx(X, B, /i) is totally non-free if the collection {Fix(H) : H a 
Borel subset of G} C B generates the Borel sigma-algebra B (up to sets of measure zero). 
The study of such actions was initiated in |Vell] . 

For K < G let N G (K) := {g G G : gKg' 1 = K} denote the normalizer of K and M n (G) 
be the set of all measures rj G M(G) such that r/({K G S(G) : N G (K) = K}) = 1. 

Lemma 2.1. For fi G M n (G), the action Grv(S(G), fi) is totally non-free. 

Proof. Observe that because fi G M n (G) for any Borel set H C G, fi(Fix(H)A{K G 
S(G) : H C K}) = where A denotes symmetric difference. Therefore, for any Borel 
set H C G, {K G S(G) : H C K} is contained in the sigma-algebra generated by the sets 
{Fix(H) : H a Borel subset of G} (up to measure zero). This clearly generates the Borel 
sigma-algebra. □ 

The next lemma is used in the proof of Theorem 13.11 Recall that F r denotes the free 
group of rank r. 

Lemma 2.2. For any r>2, M n (¥ r ) n M;(F r ) is dense in M;(F r ). 
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Proof. Let S — {si, . . . , s r } be a free generating set for F r . Recall that for any K <¥ r , the 
Schreier coset graph of K has vertex set K\¥ r and for every s 6 S and Kg £ K\¥ r there is a 
directed edge (Kg, Kgs) labeled s. In particular, the Schreier coset graph is a directed graph 
in which every vertex has in-degree and out-degree equal to r. It may have loops or multiple 
edges. The automorphism group Aut(if\F r ) is the group of all graph automorphisms which 
preserve the labels and directions on edges. It is isomorphic to K\N ¥r (K) via the map 
<p £ Aut(if\F r ) ^ <j)(K\W r ). In particular, N ¥r (K) = K if and only if Aut(K\W r ) is trivial. 

Let Q denote the set of all pairs (K,x) where K £ S(¥ r ) and x : K\¥ r — > {0,1} is 
a map. For g £ F n let T g (K,x) = (gKg~ l ,y) where y : gKg~*\¥ r — > {0,1} is the map 
y(gKg~ 1 f) = x(K g~ x /) . This defines an action of F r on Q. 

For i] £ M(¥ r ) and p £ [0, 1], let r\ v be the measure on Q whose projection to S(¥ r ) is rj 
and whose fiber over K £ S^F,.) is the Bernoulli measure u p r (where u p is the probability 
measure on {0, 1} given by u p ({l}) = p). This measure is preserved under the action (T g ) g( zf r . 

Before providing a formal description of our construction, let us consider the following 
non-rigorous intuitive picture. Given an element (K, x) £ Q, we form a new subgroup K p 
whose Schreier coset graph is obtained from the Schreier coset graph K\¥ r by 'splitting' 
every vertex Kg with x(Kg) = 1. More precisely, we replace every such vertex with two 
vertices fo,fi- For every edge e labeled by an element s £ S which is directed into Kg, 
we now consider the same edge as being directed into v . If e is an edge labeled by s £ S 
directed out of Kg then we consider the same edge as now being directed out of V\. We 
also put in new edges: for every s £ S there is an edge labeled s directed from v to v i (see 
figured]). Let K p denote the subgroup of F r whose Schreier coset graph we just constructed. 
If (K,x) is chosen at random with law 7] p (for some r] £ Mj(F r )) then K p is an invariant 
random subgroup. The law of K p tends to rj as p — > and Nf r (K p ) = K p almost surely 
whenever < p < 1. This construction has a slight flaw - the subgroup K p corresponds to 
the stabilizer of a vertex of its Schreier coset graph, but we did not specify which vertex. A 
more precise dynamical description follows. 



Figure 1: The element x is depicted on the left as a function on the vertices of the Schreier 
coset graph K\¥2- The Schreier coset graph K P \G is depicted on the right. Black arrows 
represent si and white arrows represent S2- 
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For ((K,x),i) G Q x {0, 1} and s G S, define U s (K,x,i) by 

• U S (K, x, i) = (T S (K, x),i) if x(K) = and i G {0, f }; 

• 0) = (X, x, 1) if = 1; 

• C/ S (X, x, 1) = (T S (K, x), 0) if x(K) = 1. 

This defines an action of F r on Vl x {0, 1}. Now let rj' p be the measure on x {0, 1} satisfying 

1. i p {E x {0}) = ^- p V P (E) for every E C {(K,x) G Q : = 0}; 

2. t£(E x {1}) = for every E C {(K,x) G ft : x{K) = 0}; 

3. rf p (E x {0}) = ^(£7) for every E C {(if, a) G ft : = 1}; 

4. ^(E x {1}) = j^V P (E) for every £ C {(K,x) G ft : x(K) = 1}. 

It is easy to check that rj p is invariant under the F r action. Finally, let Stab : ft x {0, 1} — > 
S(F r ) be the stabilizer map Stab((K, x), i)) = {g G F r : g((K,x),i) = ((K,x),i)} and /jl p := 
Stab*?]' It is evident that /i p varies continuously with p and /_t = i]- Thus limp^o Hp — V- 

Now suppose 7] G Mj(F r ). We claim that p, p G M„(F r ) n Mj(F r ). It is immediate that 
/i p G Mj(F r ) because the Schreier coset graphs of 77-a.e. K are "expanded" in the construction 
of \i v . If < p < 1 and L is a random subgroup with law // p then Aut(L\F r ) is trivial almost 
surely. Therefore /jl p G M n (F r ) as required. 

□ 

Lemma 2.3. TTie subset M n (¥ r ) is a Gs-subset of M(F r ). 

Proof. Given a finite set F c¥ r and an element g G G, let g) be the set of K G ^(F,.) 
such that giFH^g- 1 C if. Let = G 5(F r ) : 5 £ K}. Both X(F,#) and Y(g) are 
clopen sets. Let Z(g) = Y(g) n n F ^(-F,sO- Then Z(gr) is a closed set. Note that K G Z(g) 
if and only if g G iV Fr (X) \ K . 

Let 0(<7, e) be the set of all measures \i in M(F r ) such that fx(Z(g)) < e. Then 0(g, e) is 
open and 

M n (F r ) = n 9eFr n™ =1 0(g,l/m). 

□ 

Corollary 2.4. The set of measures /i G Mj(F r ) snc/j t/iat F r rv(<S'(F r ), //) totally non-free 
is residual in Mj(F r ). 
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3 The simplex of invariant measures 

Theorem 3.1. If G is a nonabelian free group, then Mi(G) is a Poulsen simplex. In par- 
ticular, M ie (G) is a dense G$ subset of M,(G) and M ie (G) is homeomorphic to the Hilbert 
space I 2 . 

Before getting to the proof, we provide here an intuitive but nonrigorous sketch. Let 
G = (si, . . . s r ) and S = {s\, . . . , s r }. We will employ the following 'surgical procedure' 
frequently. If for i — 1,2, Ki are two subgroups of G and K^gi G Ki\G are chosen then 
we can "connect" the Schreier coset graphs Ki\G together at Kgi, to obtain a new Schreier 
coset graph K 3 \G by 

1. replace the vertex Kg$ with two vertices Vi,wf, 

2. for every edge directed into Kg i7 we form a new edge with the same label and initial 
vertex going into vf, 

3. for every edge directed out of Kg,^ we form a new edge with the same label and terminal 
vertex going out of W{] 

4. we add an edge labeled s\ from Vi to Wi] 

5. for every 2 < i < r, we add an edge labeled from v\ to W2 and an edge labeled 
from t> 2 to ui\. 

See figure EJ 




Figure 2: On the left, we see portions of the Schreier coset graphs Ki\G for i — 1,2. On 
the right, the Schreier coset graph of a new subgroup, obtained from surgery. Black arrows 
represent S\ and white arrows represent s 2 - 

Let 77 G M n (G) R Mi(G). By Lemma [2.21 it suffices to show that 77 is a weak* limit of a 
sequence of measures in M ie {G). Let < p < 1 and let if be a random subgroup with law 
77. For every vertex of K\G, flip a (p, 1 — p)-weighted coin. If the coin lands on heads (with 
probability p), then we choose an independent 77-random subgroup and attach its Schreier 
coset graph to K\G by the surgery procedure above. For each vertex of each new attached 
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graph, we flip a (p, 1 — p)-weighted coin. If the coin lands on heads (with probability p), 
then we choose an independent ^-random subgroup and attach its Schreier coset graph by 
the surgery procedure above. We continue this construction for every new attached graph. 
See figure [3j The result is the Schreier coset graph of an invariant random subgroup K p . 
The law of K p is ergodic and tends to r\ as p — > 0. 




Figure 3: The ellipses represent independent copies of K\G where K is ^-random. They are 
attached via the surgery procedure described above at Bernoulli random points. 



Proof of Theorem IJ.il It is a well-known general result that the extreme points of a simplex 
are always a Gg- To show that it is dense, we define an action of G = ¥ r on a space of 
decorated trees. Let fl' be the set of all quintuples (T, 0, v, K, a) such that 

1. T — (y(T), E(T)) is a tree in which every vertex has countable valence; 

2. v G V(T) is a distinguished vertex; 

3. is a map from the half-edges of T to S(¥ r ) such that 

• if two half-edges hi ^ h 2 share a vertex then <p(hi) is conjugate to 4>{h 2 ) and 
<t>{h) ^ <f>{h 2 ); 

4. K G S(F r ) is conjugate to 4>{h) where h is an half-edge incident to v; 

5. a G {0, 1, 2} and a = if and only if K ^ <fi{h) for some half-edge h incident to v. 

We consider two quintuples (Ti,(pi,Vi,Ki,ai) G ft' (i — 1,2) to be isomorphic if there is 
a graph-isomorphism \1/ from T\ to T 2 which preserves all the data: \1/ o 2 = <Pi, ^(^i) = 
v 2 ,K 1 = K 2 ,ai = a 2 . Let Vt denote the set of isomorphism classes in Q'. By abuse of 
notation, we will usually denote elements of fl as quintuples (T, 0, v, K, a). 

We denote half-edges of T by (v , e) where v G V(T) is the vertex of the half-edge and 
e G -E(T) is the edge containing it. Let S = {si, . . . , s r } be a free generating set for F r . We 
define an action of F r on Q by the following rules: 

1. for any s G SUS^ 1 , s(T, <fi, v, K, 0) := (T, 0, v, sKs' 1 , 0) if sKs -1 is not equal to 4>{y , e) 
for any e G E(T). 
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2. for any s E S, s(T, 0, v, if, 0) := (T, 0, t>,sifs if sifs 1 = 0(f,e) for some e G 
£(T). 

3. si(T, 0, v, if, 1) := (T, 0, u, ^ifs]" 1 , 2). 

4. for any 2 < i < r, Si(T, 0, v, if, 1) := (T, 0, u>, L, 2) where {v, w} = e is the unique edge 
with 0(t> , e) — K and L = 0(u>, e). 

These rules uniquely determine an action of F r on Q. 

We will construct a family of invariant measures on Q from a given measure 77 G Mj(F r ) fl 
M n (F r ). But first we need two other spaces. For if G 5'(F r ), let [if] denote the conjugacy 
class of if. Let S'(¥ r ) be the space of all pairs (if, Q) where if G S'(F I .) and Q C [if]. Given 
if G S(¥ r ) and p G [0,1], let Up be the probability measure on the space 2^ of all subsets 
of [if] determined by: for any disjoint finite sets V, W C [if], 

u%({W C Q and VnQ = 0}) = pl w l(l - p)l y L 

Let ?7p be the probability measure on S'(¥ r ) given by 

dr j p(K,Q) = du p x (Q)dr l (K). 

Because r] G Mj(F r ) n M n (F r ), if (if , Q) G S"(F r ) has law 77^ then |Q| = 00 almost surely. 

Next let S"'(F r ) be the space of all pairs (K,Q,a) where a G {0, 1,2} satisfies o = if 
and only if if ^ Q. Let (K,Q,a) G S"(¥ r ) be the random element satisfying 

1. the law of (if,Q) is (l=£ v ' p \{(K,Q) : if $ Q} + ^^({(if.Q) : if G Q}j (where | 
denotes restriction); 

2. the law of a given that if G Q is uniformly distributed on {1, 2}. 

Let J]'' be the law of (if, Q, a). 

Let T denote a tree in which every vertex has countable valence. Let v be a distinguished 
vertex of T. Let D„ = (if„ , Q VQ , a VQ ) G S"(¥ r ) be a random element with law rjp. For each 
vertex w G V(T) \ {t>o}, let D w = (K W ,Q W ) G S'(¥ r ) be a random element with law r} p ' 
conditioned on K w G Q w . We require that the variables {D w : ty G V^(T)} are independent. 

Let be a map on half-edges of T satisfying 

Vw G \/(T),Vif G 3!e G E(T) such that w G e and <f>(w,e) = if. (1) 

This does not determine the law of 0, however we let the law of be maximally independent 
subject to this condition. One way to achieve this is as follows. First choose 0(i>o, e) for 
all e. It does not matter how we make this choice because all choices are equivalent up to 
automorphisms of the tree which fix vq. Second, for each vertex w adjacent to vq by an edge 
e, let 0(u>, e) = K w . Choose <f>(w, e') for all other edges e' incident to such a vertex w in any 
way subject to the condition above. Again, all choices are equivalent up to automorphisms 
of the tree which fix t> , so the actual choice is irrelevant. Assuming, for induction, that 
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has been denned for all half edges incident to vertices in the radius n ball centered at v . 
If w is in the radius n + 1 and e is the unique edge connecting w to the ra-ball then let 
(f)(w, e) = K w and choose 0(u>, e') for all other edges e' incident to w arbitrarily subject to 
([1]). The actual choice is irrelevant because of tree automorphisms. This determines the law 
of (p. 

Finally let (T, 0, v , K Vo , a VQ ) G VL be the random element constructed above and let fi v 
be its law. So fi v is a Borel probability measure on Q. Observe that 

1. fi p is invariant under the Fraction, 

2. fi p is ergodic (even if r\ is not!), 

3. linip-j.o Stab*(fip) = r\ where Stab : Q — > S(¥ r ) is the map Stab(z) = {g G F r : (72 = z}. 

We leave these statements as exercises. To give the reader some indication on how to prove 
ergodicity, let ip be an F r -invariant measurable function on Q. Because of the independence 
properties of the construction, it is clear that tp does not depend on finite radius information 
(namely, because one can 'move' the root vertex to a place far from its initial place so that its 
new radius n neighborhood is disjoint from its initial radius n neighborhood). More precisely, 
if two elements T,r] G f2 are such that there is an isomorphism from the tree of r to the tree 
of r) which preserves all the half-edge labels outside the ball of radius n, then ip(r) = ip(r]) 
(excluding a measure zero set of r, if). Therefore, the F r -invariant sigma-algebra is contained 
in the "tail" -sigma-algebra which consists of all measurable sets which do not depend on 
finite radius information in the sense given above. This tail sigma algebra is trivial because 
of the independence properties of the construction. This implies ergodicity. 

It follows that 7] is in the closure of M ie (F r ). Because 77 G Mj(F r ) D M n (F r ) is arbitrary, 
Lemma [2.21 implies Mj e (F r ) is dense in Mj(F r ). □ 

4 Generic graphings 

Let (X, fi) be a standard Borel probability space and E C X x X be a discrete Borel 
equivalence relation such that fi is E- invariant. We will usually assume that E is ergodic 
and aperiodic (which means that a.e. equivalence class is infinite). We use [KelOj as a 
general reference. 

The full group of E, denoted [E], is the group of all (equivalence classes of) invertible 
Borel transformations / such that graph(f) = {(x, fx) : x G X} C E. Two transformations 
are equivalent if they agree on a conull subset. By |KelOl Proposition 3.2], [E] with the 
uniform metric, defined by 

d u ((j), ip) = fi{{x G X : (j)(x) ^ ip{x)}), 

is a Polish group. 

From now on, we assume that E is aperiodic and ergodic. To set notation, let Hom(F r , [E]) 
denote the set of all homomorphisms from the rank r free group F r = (s\, . . . , s r ) to [E\. 
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We identify Hom(F r , [E]) with the product space [E] r in the obvious way and endow it with 
the product of uniform topologies. Thus it is a Polish space. For latter purposes it will be 
useful to have the following explicit metric on Hom(F r , [E]): 

r 

for a, {3 G Hom(F r , [E]). Also let Ep C E be the sub equivalence relation generated by j3. 
Precisely, (x,y) G Ep if there exists w6F r such that {3(w)x = y. 

Definition 1. Let (X,fi,E) be a discrete pmp equivalence relation. Let [[E]] be the set 
of all Borel isomorphisms <p '■ A — > B such that A,B C X are Borel and the graph of <fi is 
contained in E. A subset Y C [[E]] is a graphing if for a.e. x G X and every ?/ with (x, G E 
there is a sequence 71, . . . , j n G T and ei, . . . , e n G {—1, 1} such that 7J 1 • • • 7^™x = The 
cost of T is defined by 

cost(r) = //(domain(7)). 
The cost of -E is the infimum of cost(r) over all graphings T of E. 

Lemma 4.1. Let Hom g (¥ r , [E]) C Hom(¥ r , [E]) be the set of all homomorphisms a such 
that {a(si) : 1 < i < r} is a graphing of E (i.e., E a = E up to measure zero). If either 
r > cost(E) or (r = cost(E) and E is treeable) then Hom g (¥ r , [E]) is a non-empty Gs-subset 
of Hom(¥ r ,[E]). 



Proof. By |Hj06[ Proposition 1.1], Hom 9 (F r , [E]) is nonempty. So let (3 G Hom g (F r , [E]). 



For w6F r and e > 0, let 0(w, e) be the set of all 7 G Hom(F r , [E]) such that 

H({x G X : (x, (5{w)x) G E 7 }) > e. 

This set is open and 

00 

Rom g (¥ r ,[E])= p| f]0(w,l-l/n). 

w& r n=l 

This shows Hom g (F r , [E]) is a G$. □ 

An element / G [E] is aperiodic if a.e. /-orbit in X is infinite. For somewhat technical 
reasons (Theorem 14.4ft . we will be interested in the set Hom g (F r , [E]) of all homomorphisms 
a G Hom 9 (F r , [E]) such that a(si) is ergodic and aperiodic. 

Lemma 4.2. // E is ergodic aperiodic and cost(E) < r then the set Hom' g (¥ r , [E]) is a 
nonempty G$ subset of Hom(¥ r , [E]). 

Proof. The fact that Hom^(F r , [E]) is nonempty can be seen from the proof of |KM04t 
Lemma 27.7] (just choose tpi to be ergodic). That lemma is attributed to Hjorth-Kechris. 
By Lemma I4~T1 Hom 9 (F r , [E]) is a G$. Because E is aperiodic, every ergodic element / G [E] 
is aperiodic. So it suffices to show that the set of ergodic elements in [E] is a Gs subset. 
This is part of jKelOj Theorem 3.6]. □ 
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We will say that E is hyperfinite if there exists a set Y C X with fi(Y) = 1 and an 
increasing sequence of finite measurable equivalence relations on Y such that E fl 

(y x Y) = U^Ri. We say that a subset K C [[£]] generates E if E is the smallest 
equivalence relation containing, for each k E K the graph {(x, fcx) : a; G domain(fc)} (up to 
sets of measure zero). 

Lemma 4.3. Suppose E is ergodic and aperiodic. Let f G [i?]. T/ien t/iere exists an aperiodic 
Borel hyperfinite subequivalence relation F C E such that f G [F] < [E]. Moreover there is 
an aperiodic g G [F] which generates F. 

Proof. By abuse of notation, we identify / : X — > X as a Borel map with graph in E (instead 
of an equivalence class of maps). Let R C E be the subequivalence relation generated by /. 
So R = {(x,/ n x) : n G Z}. For x G X, let [x]ij denote the .R-class of x. Let Y be the set 
of all x G X such that [x]r is finite. If n{Y) = then we may set F := R and g := /. So 
without loss of generality, we assume n(Y) > 0. 

Because Y is a standard Borel probability space, there exists an injective Borel map 
: Y — > R. Let Z be the set of all z G K such that 0(z) < 0(x) for every x G [z]_r. Then Z 
meets every i? ^-equivalence class in exactly one point, where R\Y denotes the restriction 
of R to Y. In other words, \[x]r PI Z\ = 1 for a.e. x G Y*. Because /x(F) > 0, we must have 
H{Z) > 0. 

Because E is aperiodic and ergodic, it follows that E restricted to Z is aperiodic and 
ergodic. By [KelOj Theorems 3.5, 3.6] there exists an aperiodic ergodic Borel hyperfinite 
subequivalence relation G C E\Z. Let F' be the subequivalence relation of E\Y generated 
by G and R\Y. That is, F' is the smallest equivalence relation on Y with G U R\Y C F' . 

We claim that F' is hyperfinite. Because G is hyperfinite, there exists an increasing 
sequence {Gi}^ of finite subequivalence relations Gi C G such that G = U^Cj (ignoring 
a measure zero set). Let G\ be the subequivalence relation of E generated by Gi and R\Y . 
These are finite subequivalence relations. Indeed, if x G X and z is the unique element in 
\[x\r fl Z| then the G- equivalence class of x is U{[y]^ : (y, z) G Gj}. By construction, 
U^G'i = F' (ignoring a measure zero set). 

We claim that F' is ergodic. To see this let W C Y be a measurable set of positive 
measure equal to a union of F'-classes. Because \[x]r fl Z\ — 1 for a.e. a; G F, it follows 
that fl Z is a positive measure set. Because G is ergodic, Z <zW (up to a set of measure 
zero). Because every R\Y equivalence class intersects Z nontrivially, W = Y up to a set of 
measure zero. Because W is arbitrary, F' is ergodic. 

Let F = F' U R. Because F' is the disjoint union of F' and R\(X \ Y), it is an aperiodic 
Borel hyperfinite subequivalence relation of E with / G [F] (because R C F). Because F' is 
ergodic, aperiodic and hyperfinite there exists an aperiodic element /' G [F'\ which generates 
F'. So define g G [F] by 

f/x ifxGX\F 
^ X ~ \ fx if x G Y 

By construction, generates F. □ 
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For G Hom(F r , [E]) let Stab : X -> 5(F P ) be the stabilizer map: Stab^x) = {g G 
F r : 0(g) x = x}. Observe that for any g G F r and x G X, Stab 13 (0(g)x) = g Stab 13 (x) g^ 1 . 
In other words, Stab' 3 is F r -equivariant. Let Hp G M(¥ r ) be the pushforward measure 
Hp := Stab^/i. Therefore, Stab' 3 defines a factor map from ¥ r r\ /3 (X, /i) to ¥ r r\(S(¥ r ), jjp). 

Theorem 4.4. Let (X, /i, £7) be an ergodic aperiodic discrete pmp equivalence relation. Let 
Hom isom (¥ r , [E]) be the set of homomorphisms G Hom(¥ r , [E]) such that Stab 13 is an iso- 
morphism from (X,fi) to (S(¥ r ), fip). If r > cost(E) then Homi som (¥ r , [E]) D Hom' g (¥ r , [E]) 
is a dense G$ subset of Hom' g (¥ r , [E]). In particular, it is nonempty. 

Proof. Let {Ci}^ be an increasing sequence of finite Borel partitions of X such that VSi & 
is the partition into points; i.e. for every i/i/el there exists i such that x and y are in 
different partition elements of 

For W C F n let n w : S(¥ r ) -> 2 W be the projection map tt w (#) = H n W (where 2^ 
denote the set of all subsets of W). For every n G N, e > and finite C F r , let 0(W, n, e) 
be the set of all G Hom(F r , [E]) such that for every A, B G with i^B there exist sets 
A' C A, B' C B with 

• fi(A \ A') + \B')<e and 

• 7r VK (Stab /3 (A')) n 7c w (StdbP(B')) = 0. 

Each 0(W, n, e) is open in Hom(F r , [E]) because for any G Hom(F r , [E]) the set of 
0' G Hom(F r , [E]) which agrees with on W except for a set of measure < e is open. Also 
observe that if W C V then 0(W,n,e) C 0(V,n,e). Thus, 0(n,e) := U WC F r O(W / , n, e) is 
open. 

We claim that 

Honw(F r , [E]) = n~ j n^ =1 0(n, 

The inclusion C is obvious. To see the other direction, let G H^ =1 H^ =1 0(n,l/k) and 
= Stab^/i. Observe that /i / g(Stab /3 (A) fl Stab /3 (i?)) = for any A ^ B in £ n for any n. 
Since 

/i /3 (Stab /3 (y4)) = y u((Stab /3 )- 1 (Stab /3 (A))) 

this implies /x i g(Stab^(A)) = for every A G £ n for any n. Therefore induces a 

measure-algebra isomorphism from the measure-algebra of fi to the measure- algebra of Hp- 
This implies that is a measure-space isomorphism (see e.g. [Zi84[ Corollary B.7]). So 
G Homj Som (F r , [E]) which proves the equality above. So Hom isom (F r , [E]) is a G$. 

Let a G Hom^(F r , [£]). Let Ha — (Stab°%/i G M(F r ) be the measure induced by a. 
Because cost(-B) < r, and {a(si)} r i=l is a graphing, it follows that the cost of the orbit 
equivalence relation ¥ r rx(S(¥ r ), Ha) is also less than r. Therefore, there exists a shortest 
element w G F r \ {e} such that Ha({H G 5(F r ) : if G H}) > 0. Observe that every cyclic 
conjugate of w also satisfies this property. Because a(si) is aperiodic, the reduced form 
of w must contain a generator other than sx- So after replacing w with one of its cyclic 
conjugates, reordering s 2 , . . . , s r if necessary, and replacing s r with s" 1 if necessary, we may 
assume that the last element in the reduced form of w is s r . 
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Let S w = {H G S(¥ r ) : w G H}. We will construct a positive measure subset S' w C S w 
such that {si, . . . , s r _i, s r |(S'(F r ) \ S' w )} is a graphing of the orbit-equivalence relation of 
¥ r rxS(¥ r ) with respect to \i a (where s r \ (S(¥ r )\S' w ) denotes the restriction of s r to S(¥ r )\S' w ). 
To do this, let w — t\ ■ ■ ■ t n be the reduced form of w (so t n = s r for example). For H G S w , 
let C W (H) = {(ti ■ ■ •tj) _1 iJ(t 1 • ■ ■ ti) : 1 < i < n} C S(¥ r ). Observe that because if is a 
shortest word such that fi a (S w ) > 0, we must have that H ^ C W (H) (for a.e. H G S w ). 

Let F be the set of all pairs (H,H') E S w x S w such that either H G C n (H') or ii 7 G 
C n (H). We interpret F to be the set of edges in a graph with vertex set S w . Observe that 
every vertex of this graph has degree at most n 2 . By |KST99l Proposition 4.6], there exists 
a proper coloring of this graph with only a finite set of colors. This means that there is a 
measurable map : S w — > Q (where Q is a finite set) such that for every (H, H') G F with 
H 7^ H', (j)(H) ^ <t>{H'). 

Let uj G Q be an element such that (a;)) > 0. Let S' w = _1 (a;). We claim that 

{si, . . . , s r |(S'(F r ) \ S 1 ^)} is a graphing of the orbit-equivalence relation of F r r%S , (F r ) 
with respect to fi a . It suffices to show that if H G S' w then (if, SrHs' 1 ) is in the equivalence 
relation generated by {si, . . . , s r _i, ■s r |(5'(F r .)\S'^)}. Because if G 5*^, wHw^ 1 = H . Because 
s r = t n , SrHs' 1 = (t x • -Vi)" 1 ^ • ■ -t n -i)- By choice of S' w , C W (H) n 5^ = 0. So there 
is a path H,f[ Hti, (t^)' 1 H (tit 2 ) , . . . , (ti • • • t n -\)~ l H{ti ■ ■ -t n _i) contained in the graph 
determined by {si, . . . , s r _i, s r |(S'(F r ) \ S 1 ^,)} from H to SrHs" 1 as required. 

Let e > 0. By choosing S' w smaller if necessary we may assume < fi a (S' w ) < e. Let 
B := (Stab Q )~ 1 (S'^) C X. Then $ := {a(si), . . . , a(s r _i), a(s r )|x\B} is a graphing of F. 

Define a map on X\B by ipo( x ) — oc(s r ) n x where n is the smallest positive integer such 
that a(s r ) n x G X \ B. Such an integer exists for a.e. x G X \ B by Poincare's Recurrence 
Theorem. For every positive integer k let Ck be the set of all x G X \ B such that ^ ( x ) = x 
and > 1 is the smallest number with this property. 

There exists an integer N > such that ii{y) c *L N Ci) < e. Suppose that fi(U°l N Ci) > 0. 
By Lemma |4T5| there exists an aperiodic sub equivalence relation F C E\(U°l N Ci) such that 
V'oKU^jvCj) G [F]. Moreover, there is an aperiodic element / G [F] which generates F. Now 
define ip on X \ B by ip(x) = ipo(x) is x U™ N Ci and ip(x) = f(x) if x G U^CV Note: 
the equivalence relation generated by ^ contains the graph of a(s r )\(X \ B). 

Let a{s\)B '■ B — > B be the first return time map a{s\)BX = a{si) n x where n is the 
smallest positive integer such that a(si) n x G B. Because a(si) is ergodic the action of 
qz(si)b is also ergodic. By Rohlin's Theorem, there exists a countable Borel partition 7 of B 
such that if Bb is the smallest a (si ^-invariant sigma-algebra containing 7, then £3b is the 
sigma-algebra of all measurable sets (up to sets of measure zero) of B. 

Let 7 = {-Pj}^! and choose elements fi G [E\Pj\ (the full group of E restricted to Pi) 
such that fi has period i + N. To be precise, we require that for a.e. x G Pi, fl +N x = x and 
if 1 < 7 < i + iV then f-x 7^ x. Such an element fi exists by [KelOl Theorem 3.3]. 

We now extend the definition of ip to B by setting ip(x) = fi(x) if x G Pj. Also define a 
homomorphism /3 : F r — >■ [E] by /3(sj) = a(si) if 1 < i < r and (3(s r ) = ip. We claim that 

1. d u (a,/3) := Yn=i d u((y(si), f3(si)) < 2e; 

2. 0eEom' g (¥ r ,[E)), 
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3. /3GHonw(F r ,[£]). 

Observe that because a G Hom^(F r , [E]) and e > are arbitrary, this claim implies the 
theorem. 

To see the first statement, note that 

d u (a,(3) = d u (a(s r ),*P) < n{B) + n{U™ N Ci) < 2e. 

For the second statement, note that the equivalence relation generated by {(3(si), . . . , j3(s r )} 
contains the graph of a(si), . . . , a(s r _i) and a(s r )\(X\B). Because {a(si), . . . , a(s r -i), a(s r )\x\B} 
is a graphing of E it follows that f3 is a graphing of E. So (5 G Hom^(F r , [E]). 

For k > 1, let A k be the set of all subgroups H G S(¥ r ) such that s^. E H and if 1 < j < k 
then s j r <£ H. Observe that P { = (Stab /3 )- 1 (A i+JV ) for every i > 1. Because B = U^P;, 
it follows that B and 7 are contained in (Stab /3 ) _1 (J r ) where T is the Borel sigma-algebra 
of ^(Fr). Because 7 is generating for the action of q;(si)b, it follows that (Stab /3 )~ 1 (.F) 
contains every Borel subset of B (modulo sets of measure zero). Because a(si) is ergodic 
and /i(-B) > 0, this implies that (Stab^) -1 ^) is the sigma-algebra of all measurable sets of 
X, (up to sets of measure zero). Therefore, ft G Honij Som (F r , [E]) as claimed. □ 

The following is an immediate consequence. 

Corollary 4.5. If G is a free group of rank r and (X,fi,E) is an ergodic aperiodic discrete 
pmp equivalence relation with cost(E) < r then there exists an invariant measure A G M{G) 
such that (S(G), A, E G ) is isomorphic to (X,/i,E). 

5 Encoding via sub-actions 

Theorem 5.1. Let ¥ r = (si, . . . , s r ) be the free group of rank r > 2, ¥' r < ¥ r be the (infinite- 
index) subgroup generated by {sf, S2, ■ ■ ■ , s r ) , K be a finite set, ¥ r rxK ¥r be the usual action 
gx(f) := x{g~ 1 f). Let X C K ¥r be a closed invariant subspace. Then there exist subspaces 
Z C Y C S(¥ r ) such that 

1. Z is ¥' r -invariant, Y is ¥ r -invariant, 

2. there is a finite set L c¥ r (depending only on K) such that Y = U/eL 

3. the action F r rxX is topologically conjugate to the conjugation-action ¥' r rxZ . More 
precisely, if <fi : F r — > ¥' r is the isomorphism determined by 0(si) = sl,(f>(si) = s« for 
2 < i < r then there is a homeomorphism ^ : X — > Z such that ^(fx) = (f>(f) ■ ^/(x) 
for all x G X and f G F r . 

4- If i] is an ¥ r -invariant Borel measure on X then there exists an ¥ r -invariant Borel 
measure A on Y such that ^*r] = \\Z (in particular, \(Z) > 0). Moreover, if rj is 
finite then A is also finite. 
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Proof. Without loss of generality, K = {1, . . . ,n} for some integer n > 1. Given x G K ¥r , 
we will define a subgroup ^f(x) < ¥ r . The easiest way to understand $?(x) is through its 
Schreier coset graph \l/(x)\F r . which is constructed as follows. Start with the Cayley graph 
of F r . For every element g G F r , subdivide the edge (g,gsi) and attach a cycle of length 
x(g) to the new vertex. Every edge of this cycle is labeled S2- For every 3 < i < r, place a 
loop labeled at all the new vertices. Also, place a loop labeled S\ at all the new vertices 
other than the one subdividing the edge (g,gsi). An example of x and ty(x)\G for r = 2 is 
shown in figure HI 

More formally, ty(x) is the subgroup generated by all elements of the form 

1. gsis^s^g' 1 if g G W r and x((f)~ 1 (g)) = 1 (for any t G Z); 

2. gsiS2- s ^ 1 ' s 2' s ![ 1 g~ 1 ^ 9 e ^ anc ^ a; (^ = k > 1 where i ^ 2, t + u = mod k, and 
u,t mod fc; 

3. ^SiSjS^f 1 ^ -1 if (7 G F' r and 3 < i < r. 



Figure 4: The element x is depicted on the left as a function on the vertices of the Cayley 
graph of F 2 . The Schreier coset graph ty(x)\G is depicted on the right. Black arrows 
represent Sj and white arrows represent S2- 

Clearly, = <£(/) • *(z) for all x G X and / G F r . Note * : K ¥r -> 5(F r ) is a 

homeomorphism onto its image. Let Z = ^(A), so that \1/ gives a homeomorphism from 
X to Z and let Y" be the union of all F r -orbits in Z. From the construction, it is clear 
that if L is the radius n ball centered at the identity (with respect to the word metric) then 
Y = U/ 6 l/ • Z. This, and the fact that Z is closed, implies Y is closed. 

Now suppose 7] is an F r -invariant Borel measure on A. Let L = {fi,---,fj} be an 
ordering of L with fi = e. Define T : Y — > Z by T(A) = • K where i is the smallest 
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number such that fi ■ K 6 Z. Define a measure A on Y by 

\{E) = J \T-\K)r\E\ d**r]{K). 

Clearly, X\Z = \I/ ^ 77 and A is F r -invariant if and only if r\ is F r -invariant. Moreover, since T 
is finite-to-1, A is finite if and only if 77 is finite. □ 
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